UDC 539.4

ELASTIC FIELD CORRELATION FUNCTIONS FOR THE QUASI-ISOTROPIC COMPOSITE
MATERIALS UNDER ANISOTROPIC STRAIN

PMM Vol, 37, N2, 1973, pp.339~345
A,G,FOKIN and T, D, SHERMERGOR
(Moscow)

(Received July 6, 1972)

Binary correlation functions of the stress and strain tensors are obtained for com-
posite materials, the components of which are isotropic, It is assumed that the
averaged strain field is arbitrarily anisotropic, An expansion for the elastic field
correlation functions in terms of the products of the second rank unit tensor, the
average strain tensor and the direction cosines defining the orientation of the
straight line connecting the points between which the correlation is sought, is
obtained in an explicit form, The stress and strain dispersions are computed, It
is shown that the corresponding fourth rank tensors are isotropic under volume
strain, have tetragonal symmetry under pure shear, and transversal isotropy under
tension, Numerical estimates are obtained for a material, each phase of which
has the same ratio of the volume to shear moduli of elasticity equal to ®/3-

1, In[1] we computed second order correlation functions for the stress and strain
fields of quasi-isotropic solids such as single phase polycrystals and composite materials,
in the isotropic approximation, The physical sense of the isotropic approximation can
be expressed by the fact that the contraction of the dispersion of the elasticity coeffici-
ents tensor with the mean strain tensors {€&;;) is assumed to have the form (which is,
strictly speaking, valid only for the isotropic fields {g;;})

<;V;qu)\’;x‘lmn> <8p/1> <8mn> o 3FLV1']'..'I -+ ZI’VZDH',:I (11)
Iij..‘l = 1/2 (5u.~6jl + 6i16]’,;)y Vv:ju 1/36ij6kl
Dijn‘l = Iij..'l - Vij.;l

Here V;jk; and D;;., denote the volume and deviator components of the fourth rank
unit tensor [ ;.

Below we shall show that the isotropic approximation yields the correct values of the
volume and deviator contractions of the tensor of dispersion of the stress and strain fields.
However, the approximating assumption that the macroscopic field is isotropic and ho-
mogeneous, limits sharply the domain of applicability of the results obtained, For this
reason generalization of the computing model becomes imperative, The inhomogeneity
of the macroscopic field can be accounted for by using e. g, a scheme proposed by No-
vozhilov in [2]. Below we show how the anisotropy of the macroscopic elastic field
may be taken into account. Since the computations become very cumbersome when an
arbitrary microinhomogeneous medium is considered, we shall confine ourselves to the
case when each of the phases may be assumed isotropic,

Such properties can be found not only in glass reinforced plastics, but also in such
systems as metal-metal, metal-polymer, metal-ceramic, etc, , in which the anisotropy
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of the metallic phase is small either because it is small for particular metal (e, g. the
anisotropy coefficient for tungsten is 1, 0 and for aluminium it is 1.2), or because each
phase represents a nonoriented polycrystal in which the grain size is much smaller than
the region of inhomogeneity, In this case the small scale spatial fluctuations of the
elastic field related to the property of polycrystallinity can be ignored and only the
large scale fluctuations connected with the presence of many phases in the composite,
taken into account,

2, The complete expression for the random component of the strain field e;;/ can
be written out, using the Green's tensor (7, of the equation of equilibrium, for a medi-
um with averaged moduli of elasticity

(2.1)

€5 = Gk, * MitmnSmn

Here the asterisk denotes the operation of contraction, and symmetrization is performed
over the indices contained within the brackets. If the macroscopic field is homogeneous,
then the integral Fourier transform

¢* (k) = Q(p (r) e—ikrdy (2.2)
can be used to reduce (1,1) to the form
€F = gl (23)
(p,> g{*j‘il = AUV — (‘Sij,(kw)(j, n = <3K + H> / <3K + 4}L>
Vi = ViVie. v V= kiR Ayt = K*:8;5 + 2p*e;; (2.4)

e = {%, e;; = {&;; — ],.f's?k.isaiD

Here the terms Mzmnﬁmn of the second order of smallness have been omitted. From

* * 9 * — __B_L = ——}‘L—
E = X - u%n B1 X —_ <3K + 4H> 1] <H> (‘) 6)

B = vuehVis B=0B4u
The random component of the stress field is found in the same manner. We have,
within the previous approximation, ) 5
Sij = Mijrr ey A (Mg €t (2.7)
from which using the expression (2, 5) we find the Fourier transform of the random com-
ponent of the stress field
o/ * = 2(p> [E% (85 — viy) + 0" (BS:; + €1y — 204))] (2.8)
Expressions (2, 5) and (2. 8) enable us to find the correlation functions for the stress and
strain fields, To do this we shall use the following equations:
Sijiar (1) = <845 (0 4= 11) 551 (11))
Bjiafr) = < (6 1) eia (1))
, - *
(o7 (k + k) 5t (ky) = 8a°D (k) Sijue (k)
’ — 1k
Ceif (k+ k) e (ky)) = 878 (k) £t (ky)

(2.9)

(2.10)
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Here the angle brackets denote statistical averaging and the prime accompanying a let-
ter denotes a complex conjugate, The statistical homogeneity of the elastic fields which
average to a constant value, is also taken into account,

We have analogous relations for the correlation function of the tensor of the moduli

of elasticity A;;écrzs (r) = Oy;jm (r - 1p) }V;)qrs (r)> (2.11)
hifit (& + Ty R (k) = 827 (k) A (0) ¢* (ka)

Here we use the hypothesis of separation of the tensor and coordinate relationships in
the binary correlation function of the tensor of the moduli of elasticity [1]. Inserting
into (2.10) the explicit expressions for 0;;'* (k) and &;;'* (k) in accordance with(2.5)
and (2, 8) and taking (2.11) into account, we find

Efn (k) = Duhsz (&), S (k) = 4<u)* Ding* (k)

(1) (2) (1) (2)
D?jlkl = <-T1] yhl> = vV (@3 — 2i7) (Yki — Yki)

1 = Dijnt, pij = &vi; -+ 2nPy;
qi; =& (8:5 — vis) +n (BSi; + ei; — 2B4y)

Here pij differs from the Fourier transform of the strain ;;* (k) in not only having a
different sign, but also by the fact that the quantities £ and 1 are assumed to be func-
tions of the coordinates, while B:; and B are, as before, taken from the domain of the
wave numbers. An analogous statement holds for ¢;;. Therefore the dispersion of p,;

and ¢;; depends on k. The latter reflects the fact that the coordinate and the tensor

relations can be separated from each other only for the correlation function of the mo~
duli of elasticity, it cannot be performed for the stress and strain fields [1, 3],

8, Let us now obtain the inverses of the Fourier transforms of the correlation func-
tions, We introduce the following auxiliary functions

(1)* ) (k) = (— 1) viz..10% (k)

_ (3.1)
(JU (I') . V V . Vl 8 . Se‘tkrk—2’z(P* (k) dk

Here the order of differentiation is equal to 2a. Using (3.1) we obtain

Ei.‘ih‘l (I') = O( iy ) [DXJg}il + 4Dxn( (/f;smeml + %Jlg?/)flmnemn) +

@
4D (Jmmne]meln + szm.mm(’mnelr + MzJijklmnrsemners)]

(', {AU->2) Sija(r) = Q ( ” >{DX (8;;0,; -1 961]](1) -+ Juu) {- 2Dy, [(81‘]‘ -
J.:;‘) €1 (OK - 1) 61]6 ](1) mn + (4"‘ - 1) al]J}f%)mnemu "}‘
'_).K.]?]}})flmnemu —{A 2 (6i]];\17;l€ml l JlJKmeml)] *‘ Dﬂ [elje/;l "{" (2"‘ - 1)2

( (2)
‘Sijﬁkl']n?m‘ﬂemners - 2(2 ( X — 1) 61]Jmn"hlemn + 4%']ijmnelflemn +
4w (ZK - 1)61]Jhlmnr~ mn€rs -+ qn?J 17hlmmsemn rs -+ (32)

(1) {2) 5
4 ()y - 1) 61J,Itmmemnplr “F 8K']ijlfmnremnelr 'lT‘ /‘Jimejmeh'l ‘%‘ /*Jikmne]meul]}
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i
Here ( /»Zl) is the symmemwization operator performed within a pair of indices and bet-
ween them if

Q < Iy, > Ajpr = Ao = "2 (Agnon + Auwnyin)

The integrals Jl-j(,J_[,)g given by Egs, (3,1) can be written in the form of an expansion in
terms of the products of §,; and n;; = n-n,,-, whete n; = x; / r

N BTN @
B=0
Sﬁ; K= 2’1 61] P(I SRy (34)

In (3.4) 7’ denotes the operator of transposition of indices and summation is performed
over all possible permutations except the identity permutations, There are o — P cofac-
tors of the type §;; in(3.4) and § cofactors of the type n Thus for o¢ = 2 we have

(2) .
Poiit = 8;30,; 4 805, 4~ 6,65,
)
Vi = Suhr -+ Spuris - Sunyy 4 Sy b Sy - S5m0

rs *

(2)
'\P‘mhl = Ry

The number of components of the tensor q;mj gy s
(20!
2P — By @)
The coefficients of the expansion (3, 3) obey the following recurrence relations:

— T =T530  (2(x+B) — 1] TH, (3.5)

For a nonoriented mechanical mixture of isotropic components the surface of the three-
dimensional representation of correlations is spherical and the function ¢ (r) can be
chosen in the exponential form

Nag =

¢ (r) = exp (—r/ a)
With @ (r) chosen in this manner, the first five coefficients 7 become
79 =g = exp (—1p), p =alr
TY = (1 + 2p + 2p%) pp — 20°
7O (1 4 5p + 120 + 1209p%p + (1 — 12p%)p?
T (1 -F 9p - 392 + 90p + 90pHpie — (/4 — Gp? + H0pHp?
W (1 14p - 95p* + 3759‘* + 8- TNp)pte o+ (Vag — Vap®

3-5lpt — 8- THp%p?
When 7 — (), the coefficients 7' assume the following limiting values
5 (—=1)*(20 -+ I (3.6)

Inserting the asymptotic values of T given by (3. 6) into the recurrence relations
(3.5) we confirm that when P == (), the coefficients 7" vanish as r —» (), This reflects
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the condition that the medium is isotropic and according to this condition the expression
for the symmetric fourth rank tensor must only contain all possible combinations of the
Kronecker deltas § , When r — oo, we obtain the following limiting values

T8 = (—1)*-20%[2 (@ — DI

4, Expressions (3,2) yield the stress and strain dispersions. We find them by setting
the argument 7 equal to zero in the corresponding correlation functions, After the nec-
essary manipulations we obtain

1SE 0 = (Dy 4 %2 D32) Yt + 2 (1 — /gm) Dya@lfine + 2 (1 — *an +-
16°0ax?) Dot 4 (L' — 3w 4 %2/g5x?) Dol + 2D (€150, — Spoin) (4.1)

(157 4 <ud¥)Shim = 15E:jh'l 15Dy +2 (1 — 2%)(1 — 1°/;%) D42]6;30,; —8(1 —2x) X
(1 — /%) D pijory + 4 (4 — 1) Dy Spizensy + (8% — 9) Dreijey

where
(2)
@rijet = Bijepr + Oipeir + Bjieip + Opiei; + Bueyy + 8jpen
2
Ciigne = 8.0 4 8:950 + Bjivu + Budjy 4 801 + 81y
(2 — —
Paijir = €521 + Ciklii -+ €uliyy g1 T Cpulnry I = Iy
Comparing the expressions for the correlation functions with those for dispersions, we
note that in the first case the quantity which we seek can be written in the form of an
expansion in terms of the Kronecker deltas §, averaged deviators of the strain tensor and
combinations of the direction cosines defining the orientation of the line connecting two
points between which the correlation is sought, in the second case the expansion contains
no direction cosines, Because of this the expressions for dispersions are simpler than those
for the correlation functions,

Expressions (4, 1) become considerably simplified when the averaged strains are pure
volume strains, i, e, when (g;;» = &d;;, while €;; = B:; = 0. In this case we have
° (2)

Eijie = "6Dxdiser,  Sijir = Voijumt

° 2 . ;
Sijkr = /15 % Dx (8151 -+ 98:50,1)
Consider now another particular case of pure shear macrostrains, Setting <(g;;> =
264201 (:0j)2, we obtain

° 2 e : ; S
Eijir == Y155 Dadiper,  di = 2 (1 — %/qn - 2/%?) 8ijpr — 8350, —
’ 1 32 .
(1 — 1801 - 851 %?) (6136:‘36“ -+ 61’1‘6/:3613) — (T— 2 + 2/01%%) 6:5061‘)(1:6!)3 T+

A (1 — ®/an + */21%?) (20i58150,:3013 — 2 8;,8;5,84:0010) (4.2)

Siiet = Y15 U2 €Dy, dij = (3 + ¥a% -+ 1%%%) 8y —
(3 4 8/am — 1¥/9u?) 6;;;6/:1 — B2/ (1 — */5n) (813058, + 61‘1'6;;3613) -
2(1 4 %o -+ 18/51%2) 83850003 £ 2 (3 4 ®/an -+ P/%?) X
(261361'35,;3613 — 2 Ginajn(sknéln)

The expressions obtained show clearly that if the macrostrain is a pure volume strain,
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then the stress and strain dispersion tensors are isotropic, For the pure shear strain, these
tensors have tetragonal symmetry in the 2, -plane, with the fourth order axis of sym-
metry directed along the xg-axis, Thus when the microinhomogeneous medium under~
goes volume strain, then each of the stress and strain dispersion tensors has two indepen-
dent components, the number rising to six in the case of shear strain, The matrix nota-
tion is convenient in estimating the signs of the components of the tensors dl{jkl and
dijx1 . Each of the matrices df,, and di,, has six independent components which in
accordance with (4, 2) are

n=1 =B 20, 5 = Y %?

12 =1 =12/ 4 42, dfs = =% (1l —*3%)
dag =1 — 3/ 4 19522, g6 = S (1 — %7 |- 3/an?) (4.3)
dil — 128/21x2, d';;; = 4 (1 — 20 ) 64/21x2) .
dyp = *2/;2, diz == — %1n (1 — ®/3n)

S ¢ s ' ' i 2
a =1 — 3/ 4 10 %? dgg = 3 4 /7% -1- 1672

We see that when m = n, d%,, and dm, are positive, This also Tollows from the
definition describing these quantities as squares of deviations from the mean of the cor-
responding field components, The components dy2° are positive for any x, d,,° for
% <3y, — 1/ V2and d;° for » > 3, Finally, d,5° is negative for any x.

We note that a similar treatment applied to the case of longitudinal strain in a mic-
roinhomogeneous medium leads to the conclusion that in this case the tensors S;jk,
and E;-k, are transversally isotropic (hexagonal symmertry).

Let us estimate the anisotropy of the matrices dj,, and ds.,, under shear strain, The
following relations define the four anisotropy coefficients specifying the deviation of
the matrix structures from their isotropic form

Al = dlS/dIZ’ A2 = d33/d11
Ay = dyy ! deg, Ay = 2dgs | (dyy — dys)

For most materials the parameter % varies within the limits 0.7 <{ % < 0,8, There-
fore, setting % = 3/, we find from (4, 3) that the anisotropy parameters are equal to
— 3, 3/s, Ypgand 18). for 4,¢and 1/, /g, /g and 12 for A,°. This shows that
the tensors K, and S are essentially anisotropic and the isotropic approximation
(1.1) is found to be much too inaccurate for the shear strain, We stress that the discre-
pancy becomes particularly large for the stress ans strain dispersion in the shear plane,
for which the isotropic approximation with ® = %/, yields values which are, respectiv-
ely, 3.5 and 13 times smaller,

BIBLIOGRAPHY

1, Fokin, A, G, and Shermergor, T.D,, Correlation functions of an elastic
field of quasi-isotropic solid bodies, PMM Vol, 32, N4, 1968,

2. Novozhilov, V,V,, The relation between mathematical expectations of siress
and strain tensors in statistically isotropic homogeneous zlastic bodies. PMM
Vol, 34, N1, 1970,

3, Fokin, A,G, and Shermergor, T, D,, Computation of a binary correlation
functions of an elastic field of mechanical mixtures, Inzh, zh, MTT, N¢3, 1968,

Translated by L.K,



